This paper examines the eigenvalues of multi-span seismically isolated bridges in which the transverse displacement of the deck at the end-abutments is restricted. With this constraint the deck is fully isolated along the longitudinal direction, while along the transverse direction the deck is a simple supported beam at the end abutments which enjoys concentrated restoring forces from the isolation bearings at the center piers. For moderate long bridges the first natural period of the bridge is the first longitudinal period, while the first transverse period is the second period, given that the flexural rigidity of the deck along the transverse direction shortens the isolation period offered by the bearings in that direction. This paper shows that for isolated bridges longer than a certain critical length, the first transverse period becomes longer than the first longitudinal period despite the presence of the flexural rigidity of the deck. This critical length depends on whether the bridge is isolated on elastomeric bearings or on spherical sliding bearings. This result is also predicted with established commercially available numerical codes only when several additional nodes are added along the beam elements which are modeling the deck in-between the bridge piers. On the other hand this result can not be captured with the limiting idealization of a beam on continuous distributed springs (beam on Wrinkler foundation) -a finding that has practical significance in design and system identification studies. Finally, the paper shows that the normalized transverse eigenperiods of any finite-span deck are selfsimilar solutions that can be represented by a single master curve and are independent of the longitudinal isolation period or on whether the deck is supported on elastomeric or spherical sliding bearings.
INTRODUCTION
Seismic isolation, either with elastomeric or sliding bearings, is at present widely adopted as an effective technology for the seismic protection of highway and railway bridges (Skinner et al. [1] , FHWA [2] ). Traditionally, many conventionally designed bridges use elastomeric bearings (pads) between the deck and its supports to accommodate thermal movements. The long experience with this technology had a positive role on the implementation of modern seismic protection technologies in bridges (Kelly [3] ). The most commonly used isolation bearings are either elastomeric bearings or spherical sliding bearings. Figure 1 Figure 2 shows a cross section of the deck at the endabutments of both bridges where the motion of the deck is restrained along the transverse direction. This restriction is nearly imperative in railway bridges in order to avoid misalignment of the rails at the deck-abutment joints during earthquake shaking; while, it is also common in highway bridges. The eigenvalue analysis of both bridges can be conducted with a linear stick model using elastic beam elements. The stick model allows for the flexure of the center piers and the finite stiffness of pile foundations in the horizontal, vertical, rocking and cross horizontal-rocking directions (Zhang and Makris [3] ). Table 1 shows the eight first eigenvalues of the two seismically isolated bridges shown in Figure 1  ,due to the added transverse flexural rigidity of the deck which is simple-supported at the end-abutments (see Figure 2 ). . This numerical result, where the transverse period has reached so closely the longitudinal period, was the main motivation for this study in order to examine whether it is possible that the transverse period may exceed the longitudinal period. Our study proceeds with the mathematical analysis of the two limiting-case mechanical models: (a) that of a beam with transverse restrains at the end abutments supported with continuously distributing springs (beam on Wrinkler foundation); and (b) that of an isolated beam with transverse restrains at the end abutments and a single transverse and longitudinal spring at mid-span. The remarkable analytical result derived in this study -that beyond a certain length the two-span isolated bridge with transverse restrains at the end-abutments has a transverse period that exceeds the longitudinal period-is confirmed numerically with commercially available software for a 4-span and an 8-span bridge. The corresponding span lengths of the 4-span and 8-span bridge that this phenomenon happens are technically realizable, therefore this finding has practical significance in design and system identification studies. Figure 3 shows the mechanical idealization of the isolated bridge where the transverse motion of the deck is isolated with springs at the center piers and restrained at the end-abutments; while, the longitudinal motion is isolated with elastic springs everywhere. In order to capture the dynamic behavior of the mechanical configuration shown in Figure 3 we examine the mathematical solution of the two limiting casesthat of a beam that is fully isolated along the longitudinal direction while restrained at the end abutments along the transverse direction and having either (a) infinite distributed transverse springs along the span (beam on Winkler supports) as shown in Figure 4 , or (b) a single longitudinal and a single transverse spring at the mid-span as shown in Figure 5 . 
MECHANICAL IDEALIZATION OF ISOLATED BRIDGES
The solution of Equation (3) is 
Consequently, since all the integration constants are zero the, case 
the solution of (2) is well known to the literature (Timoshenko et al. [5] , Ugural & Fenster [6] among others),
With the aforementioned boundary conditions for flexure along the transverse
, the eigenvalues of the system are obtained from the solution of the homogeneous system 
The solution of the associated characteristic equation is given by: 
LONGITUDINAL AND TRANSVERSE EIGENVALUES OF A BEAM WITH A SINGLE LONGITUDINAL AND TRANSVERSE SPRING AT THE MID-SPAN
We now proceed with the eiganvalue analysis of the other limiting mechanical idealization -that of a beam where its transverse motion is isolated with springs at the mid-span and restrained at the end supports; while the longitudinal motion is isolated with identical elastic springs at all three supports (see Figure 5 ).
Transverse Periods
Given the symmetry of the problem we can analyze half of the beam with 2 / L l  where the right free end has zero slope (
) and the shear equals to the spring reaction. Note that this model yields only the odd eigenvalues.
The solution of the vibration of a beam with flexural rigidity, EI and distributed mass, m is (Timoshenko et al. [5] , Clough and Penzien [7] ),
The boundary conditions of this configuration for vibrations along the transverse directions are zero translation and zero moment at the left end-support
, where k is the transverse stiffness of the bearing(s) at the mid-span.
With the abovementioned boundary conditions the eigenvalues of the system for vibrations along the transverse direction are obtained from the solution of the homogeneous system. The solution of the transcendental equation given by (16) is obtained for various values of  either numerically with a Newton-Raphson method or graphically with the Creskoff diagram shown in Figure 6 .
We first examine the solution of (16) at the limit of small  (very soft spring or very rigid deck). Figure 7 plots the left-hand and the right-hand side of Equation (16) in which, T T , is the first transverse period of the two-span beam supported with a bearing at the mid-span. Figure 9 Figure 9 ) serves to validate the computations of the commercially available software, SAP (Computers and Structures [8] ), which yields the point-circles when elastomeric bearings are used and the point-squares when friction pendulum bearings are used.
Longitudinal Periods a) Elastomeric Bearings
When the two-span deck of Figure 5 is supported at each of the three supports (end abutments and mid-span) on identical elastomeric bearings with lateral stiffness k , the longitudinal period of the bridge is
The dimensionless stiffness of the bearing, (27). This result is quite remarkable given that the solution from the beam on elastic foundation (infinite bearings) does not predict any crossing (the transverse period of a beam on Wrinkler foundation is always shorter than the longitudinal period regardless the length of the deck: Equation (10)).
b) Spherical-Sliding Bearings
We consider now the alternative situation where the two-span bridge of Figure 5 is supported at each of the three supports (end-abutments and mid-span) on identical spherical sliding bearings with radius of curvature R . In this case the longitudinal period of the bridge is
Given that the two-span beam is a continuous beam, the vertical reaction at the center bearing is  ; however, this may happen when the two-span bridge is significantly longer than the corresponding length of the two-span bridge isolated on elastomeric bearing that offer the same longitudinal period. This remarkable result shows that while a bridge designer may use either elastomeric or spherical sliding bearings to achieve a desirable isolation period along the longitudinal direction, the transverse period of the deck when spherical sliding bearings are used will be always shorter (stiffer configuration) than the transverse period offered by elastomeric bearings which give the same isolation period along the longitudinal direction.
THE TRANSVERSE EIGENVALUES OF MULTI-SPAN ISOLATED BRIDGES RESTRAINED AT THE END-ABUTMENTS
Our investigation proceeds with the analysis of a 4-span and 8-span isolated deck with transverse restrains at the end-abutments. Similarly to the mechanical idealization shown in Figure 3 Figure 9 (for a 2-span deck) that the transverse period of the deck when spherical sliding bearings are used will be always shorter (stiffer configuration) than the transverse period offered by elastomeric bearings which give the same isolation period (as the sliding bearing) along the longitudinal direction. Furthermore, note that this finding now has not only theoretical interest but also significant practical interest given the resulting span-lengths, 4 / L , are of the order of 60m to 75m which are technically realizable. Figure 10 (bottom) shows that the same phenomenon happens in the case of an 8-span deck. In the event that the 8-span deck is isolated at each of its nine (9) supports with elastomeric bearings having stiffness, k , the longitudinal period is given by 19 collapse to a self-similar solution indicating that the first transverse eigenperiod of any multi-span isolated deck is given by a single master-curve. This remarkable result has significant practical value since the first transverse period of any finite-span isolated bridge with transverse restrains at the end abutments is merely offered with confidence from the solution of the Equation (16). It is worth noting that beyond the value
the transverse period of the 2spn deck departs from the single master curve. This is because beyond ) 2 ( 100   n  the spring at midspan is stiff enough so that the mode shape of the bridge departs appreciably from the half-sine and tends to the mode shape shown at the bottom of Figure 8 . 
CONCLUSIONS
This paper examines the eigenvalues of relatively long seismically isolated bridges in which the transverse displacement of the deck at the end-abutments is restricted. With this restriction the deck is fully isolated along the longitudinal direction, while along the transverse direction the deck is a simple supported beam at the end-abutments which enjoys concentrated restoring forces from the isolation bearings above the center piers. This study first investigates mathematically the eigenvalue problem of a two-span isolated deck and subsequently examined numerically a 4-span and a 8-span isolated deck. The study concludes that regardless of the value of the isolation period along the longitudinal direction there is a certain length beyond which the transverse period of the deck will exceed the longitudinal isolation period. The value of this length depends on whether the deck is isolated on elastomeric or sliding bearings. The transverse period of the deck when spherical sliding bearings are used will be always shorter (stiffer configuration) than the transverse period offered by elastomeric bearings which give the same isolation period along the longitudinal direction. Accordingly, this finding may influence the design of the deck in association with the selection of the type of isolation bearings in order to achieve the target transverse period. The above results were obtained only after considering local springs at the deck since the beam on distributed elastic supports (Beam on Wrinkler foundation) is unable to capture this phenomenon. Finally, using arguments from dimensional analysis the paper shows, that the normalized transverse eigenperiods of any finitespan deck are self-similar solutions which are independent of the longitudinal Figure 13 . Master curve of the first transverse period of any multi-span isolated deck with arbitrary longitudinal isolation period.
isolation period of the deck or whether the deck is supported on elastomeric or spherical-sliding bearings. This remarkable self-similar behavior dictates that the first transverse period of any finite-span isolated deck with transverse restrains at the end abutments is merely offered from the analytical characteristic equation of the twospan beam.
